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This talk is a survey of recent results obtained by myself and
Christian Lair. The proofs are detailed in our papers (4), (5) znd (7).
We have been spurred on this subject by two false concepiions

of some categoricians 1

(Cl) t+ " The calculus with a sketch S is too much subtle, and it is better
' to work with the type (i.e. the completion) of S M
(Ce) t " The calculus with a mixed sketch is too much general and cannot

produce resulte as for instance those produced by the calculus
. L

with sites or the calculus with localizable categories "

The falseness of C2 is not so immediate to detéct, but follows fron
our resulis hereunder j these resulis work azlso against the conception Cl’
but concerning C1 it is also interesting to insist on its philosophieal
connotation 3

The power of Category Theory (C.T.) consists in two complementary

things : on the first hand C.T. provides a large background {the philoscuhy

of adjunctions) for the guest of "good concepis" 3 on the second hand C.T.

provides & precise tool (the diagrammatical method) for the effective attack

of "essentially combinatorial problems" (as for instance the situdy of limits

in a category of models).

In fact C, lay on the forsetiing of the second hand above~mentioned.
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It is as much false as are false ite classical anzlogues {evge ¢+ " the
caloulus with generators of a group is %00 much subtle, and it is betier
to work with all the group ", etc. ).
With the Treory of Skeiches (3.T.) we are not locking for a king
of "aesthetic or conceptual satisfaction", this is not the point. The fact

is that 3.7, is an analytical model theory (in the =ame way one can spesk of

the analytical geometry;, and the guestion is Just : is it a simple and
successful tool ? So, in order %o be clear on this guestion, I will not
speak here of different possible axtensions of the ;alculus of sketches
initizied in (4), {5) or (6) (e.gs sketches over a given sketch 2nd theories
in 2 given theory, enriched sketches, caloulus with internal formulas and
internal trees, links with the calculus of exact squares and the deduction

in a fibered category . For this last roint cf. also nmy talk at the amiens!80
mesting @ " Qulest-ce gue la logigue dans une categorie ? ",to appear in

Cahiers Top. Géo. 3if.).

1. Sketches and sketchable gategories,

Definition 1 (Ehresmann, in (3)). An abstract sketch - or shortly a sketch-

is a gata S = (g, P, g) where S is a category, P is a family of distinguished
Projective cones on S, and Y is a family of distinguished inductive cones on 5.
A realization R of S is a functor R §-w~§§§_ continuous and co-continuous
(i.e. for all pelP +the cone BRp in SET is a projective limit cone, and for

all ye Y the cone By in SET is an induetive limit cone).

Definition 2 (Guitart—Lair, in (%)). & concrete sketch is a data S = {3, F)
where 5 is a graph {i.e. an object of the category bET( )) nd F 2 fanily
of distinguished projective cones on SETm +» An element f = (f $Vean G }Té'I

of F is & S—formula, V is its "variable", and the GI are the ”conQLuLﬁns”.

& realization R of S is a functor R 3 § —®3ET such that for all f in

I

Lin Hon( C;, R) ko Hom (V, R).

Lefinition 3 (Andreka-i Hemeti, in (1)). An axiomatization is a data S = (3, 4)

o B B e e o e
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wiere J 1s o category snd A a fTamily of distinguished discreis projeciive

ot

]
coneg on SiETZ,

<« realigation E of © is a functor R ¢ S—wI8727 sush that for all element

A o= <ai : Dwm%yBi)i’EI in A we have
|| Hon( Bsy R) %% o Hom(D, R),

Let S be an sbstract sketch, a concret sketch, or an axiomatization.
The category of all natural transformations between realizations of S is
denoied by SETS, and the cless of its objects is denoted by (SETS)Qf
Theorem 1 (fron chp.2 and chp.4 of (4)). The following conditions an a

- eategory X are equivalent -3 -

(i) X is naturslly sketehable in the sense of (3) i.e, g is egquivalent to

a category SETS with § an sbstract sketch.
{3) 4 is equivalent to a category SETS with 3 a concrste sketch.
{x) A is equivalent to a category SETS with 3 an axiomatization.
S0, from now on, the distinction between (1) and (j) or between (i) and (k)
is mainly of a psychological interest, in the same vein than the distinciion
between abstract manifoids and embedded manifolds.

4About sketohability (in the sense (1)) we can also recall a theoren
of Lair (published in 1971) which gays that § is naturally sketchablc iff'g
18 naturally sketched by Sy = { §§?§, ﬁif, Ifgg whers EEE (reép. %ig) is the

—

. R s : . . e
class of all brojective limit cones (resp. inductive limit cones; on SaTZ,

Now, let S znd S' be two abstract sketches. A morphism from S +to S

is & functor F : S—3" such that F(P)CP' and F(Y)CY'. We denote by SKB

the 2-category of all natural transformations between these morphisns.

“
Yefinition 4 (Guitart-Lair, in (5) and {°)). 4 category X is sgketchable if

n

: . . Ty . . : WI\;g‘.
there is a category £ internal in SKEOF sueh that X is equivalent to s =l

Roughly speaxing X ie sketchable if its objects {resp. its morphisms) can be

described as funciors S ———w SED (resp. 8 et SET ) satisfying some continuity

30 21

:nd co~continuity conditions. And X ig neturally sketchzble in the case

ere Sl = So®£ .

R, i, e b e
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Theorem 2{fro ( )). In genersl = sketchable category is not naturally
v;

sketchable. If X is sketchable by ¢ = (s, :{%;_sl
- - "1

purely projective (i.e. without distinguished inductive CONGQ), znd if there iz

m——a—Sg), if 8 is

o}

a Tunctor V S——%—%-Sg<‘2 such that V.io = do and  Vei, = d, 4 then
. . : - .
there is a naturally sketchable category B « namely B = 3ETs -y and

P

co—monud & on B such that X = Kleisl il @

In (5) there are others criverions. Thie tyre of results allows to

study by the anzlytical method of sketches various categories of "lax" morphisms.

A T s

2e Examples,

Of course the algsbraical theories of Lawvere, the algebraical theories
»f Bénabou, the categories of algebras of monads on SEL, the categories of

sheaves on sites, are examples of purely projective sketches.

A first interesting examble of a nixed sketch has been furnished by

Burroni in 1970, for the category TOF of tépological spaces.

. ) . . . T e J v s ;
Theorem 3 (from ( )).VIf X is split cofibered over 38T, then £ is sketchable.
6 . : - . B o . o
Theorem 4 (from (°)). Irf X is a category mod T of morphisms between mocdelis of

an arbitrary finitary first order theory, then X is sketchable.

Theoren 5 {from (4)). If X is the category of models in SED of = site, then

is naturally Sketchable.

{e

It will pe interesting to Ohdr&Cherlde the "an@pe" of the S&GtCQES COPrTEsDON—
ding to sites. We havn't got time to do it. But we have completely solved the
question for localizable categories i
m 4 i £ F d
theorem & (from (")). 4 category £ is localizable in the sense »F Diers (<)
iff X is naturally sketchable by & sketch S where the distinguished indu-- .=

cones have discrete hases ( leee they represent some su”\)

Nede In fact the rroof of thls theorem & use of the thsoren iz (% 47,

Food

i

ta
i
o
-]
o

0
l.-.J

The class of categories of models of sites and the class of lsc
categories are not “stable by negation" (o0, the category of rings which are.
=] — y o - i J )

not fields is not localizabl%L By contrast we have

TR B b o o 8 —
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Theoren 7 (froa (7)). any boolean (finite or not) combination of sketches

e

s again a sketeh ( a mixed sketch in general, even if the datss are purely
projective or purely inductive).
Theoren 8 {fron (6)). If X is sketchable by a purely inductive sketch, then

N

is sketchable by a purely projective sketch (but possibly this projective

o

sleteh wil' he large).
36, up IO size concitions, purely inductive and purely projecitive s'cetches
e of the same nature, essentially aslgebraical. Consequently the full power

o tae Theory of sketches is situsated in the mixed case,

Je Lidits of models.

One of the applications of projective sketches has been the clasgification of
#®socitive unitary tensors in algebraical categories over 3ET { after 1972, in
the worcs of .. & C. dhresmann, Foltz~Lair, Foltz-Kelly-Lair). Concerning tensars

' T

1 have shown their existence in a category of "commutative algebrag" K" over
~oonoldal ecategory K. I worked with the point of view of monads, znd strictly
spesting ay result does not concern sketches (the base category K is not
557, and even is not L.sersarily sketouzule;. Nevertheless it is sell rnown tiieh
we unve 13 thing of the Kleisli category of = wonad as a skeich for its algebras 3
#0 in this 'Hnd of results the part played by sketches is to be clarified.

The question f tensars involved a special case of the essenticl nroblen
of the constructi-n of inductive limits in algebrag. Ang if X is & non-algebroical

e

cr tesory of aodels, X iz sketched, bui not necessarily by a purely proiective

szeteh, so thet the existence of projective li.aits in X makes sroble '

(]

wncerning this cuestion of 1iits in nodels the fundanental basic ides

is that the nein obstruction for the cowutation of limits in a netuxmnlls
BTl g temory is concentreted ln the uroblem of coamutstion of 1indite in S47.

In (%) we agive some criterions for the computations of projective Liaite,

"its, partial linids, local linits, ultraproducts. In this o1k 1

]

inductiva 1z I

will zive only two axamples.,

B s o PSSy g 8 o % o T ot
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Tieoren 9 (from (%)), Let X be a naturelly sketchable cstegory, X = 38707 1
3= (5, P, ¥).
le denote by BZege(Y) the set of categories which are bases of cones of T, =nd

we denote by Com Base(Y) the set of categories C such that for all B & Buge(Y)

—rat

the projective linits in SET indexed by C commute with the inductive 1imits in

ST indexed by 3. Then we have

ite catesory X heve nll nrojective limits indexed by any category C ezggg_gggg(z)‘
e duxl result holds for inductive limits.

This theorem 9 is very ea8y, and as a corollary we have that = loc.iizuble
¢ Legory adwits connected projective limits, because in SET these 1i .dite

coxrate with sums, and because of theorem &, S0, Just l-nking to the showe

oi the skeich of a Tield, it is trivial that the category of fields =dmits

But why the category of fielgs does not admit products ? In Fr~t i4

)

because the product in the category of rings of two fields is not = Tield, and

peccugne tha stetch of fisld is limited in +the following sense :

L — m—

Definition 5 (froa (4)). Let S = \sy ¥, 1) be a sketch, and let Sproj: (3, 7, 8)
ve its " projective nart ". S is said to be limited if all objeet V of S is the
top of & projective cone p € Py p=( pp: V——=F_) such thet for =11

object I of

4

the functor Hom(PI, -) 3 S ——»SET 1s a realization of .

Theorem 10 (from (4)). If & sketch S is limited then the inelusion

Ul ey

apm BToj ; . , s
BET etn SET J commutaswith all sanll projective limits,

4. Toward the soectrum : the smell loeally free diagran.

In the case of purely projective sketches an essentizl tool was the

asgociated shesf theorem, and a mixeq version of i% was to find. de have i+t

(theorem llnbelow).

Definition 6 (from (4)). Let ¢ be a cardinal..a e-injective sketch is 2 = ceteh

5 = (8, P, Y} such that for all y = (yJ: BJ-——-'pV)Jgg

rezlization R ¢+ 5——a-5ET, and for all x €R(V) we have

element of Y, for w11

Cerd B(yJ)"l(x) < e
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Theoren 11 (from 4)). If 8 is & small c-injective sketch, then each 7o 1-- =
Lhagoren 4 y
R : SprSE—M*-EuSEm (resp. each functor 2 : J —w327) have a gmail loeally frso

s - . oy S, - .
diezrem (D, d4) in uETS. This means that Dt & —m SET® is & functor with domain

# small category 4 , d = (g, @ R-_-—:a-Dg.)éé.A is a projective cone LA SETS with
A " . , . S n s
osise U and with ftop R, and these datas induce, for all G in S°T° (G reslimation

of the nixed sketch S), an isomorphism

Lim Hom . (D, @) o~ Hom (R, G).
e apn  sETT SEégﬁroj

Theorem 12 (from (4)}. 1f S is 2 small sketch where the distinguished inductive

cones have discrete bases, then each realization A1 : ——» S&1 has & gmall

3
. proj

N S , .
ocully free famd LR SHEDT, 2 ¥ Hoig = zet y
locully free f aily ((Dm)meﬁ’ (dm)m ) in SEP”. This me-ns that i is et, (D )

iz 2 H-P2aily of realization of Sy (dm)
3

a : . ) . N
I e}v_'[ . ﬁi Ll;r s f moT phls{ﬁs d"} b1 h) —g.

o
-+

i . , - . . \
s An. these datas induce, for all @ in SAET” an isonorphisny

I l Hom (Dm, G) o=y, Hom 3 (R, G).

ne M SAT spp Proj

In the "Diers version” of the spectrum there is, as an hypothésis, the existence
of locally free families : our theorem 12 says that this hypothesis is =lways
sttisfied in the case of localizable categories and localizable functors.

In order 4o understaﬁd in the same way the beginning of the "topos version"
of the svectrum w.r.t. & geometrical thesry (Coste, Maklkaf-Reyes),we have to
note that the proof of Theorem 5 consist in the use of Theorem 1 for the axiomatie-
zation (G, YON(GO(Q)) where YO : C —.(SET E)OP and (&, GO(E)) & gite given
by 2 baszic system GO(C) of covering families « 4nd then we have :
Theorem 13 {fronm (4)). Let (8, 4) an axiomatization (e.g. (c, YON(GO(Q)E)).
If for all a = (ai : D m**%i)iﬁg in 4 we have that each ?i is an-epimorphism,
then the sketch associated (by Theorem 1, (i)es{k)) is l-injective, and the
conclusion of theorem 11 is true.

How to go to a speétral analysis of an arbitrary first order theory, the

key is theorem 11 3 the deeper step in the description ¢” the spectrum is the
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construction of sm21l loeslly free diagrams (s.i.fvds) s in theorem 11,  =nd ther

tiie "total spectrum" of B will be the description of all conmnections between

the various s.l.f.d. on R. This will be exposed in detazils elsewhere.
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