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Executive summary

We present here a new simplified and strengthened approach, in order to construct the
Experimental Probabilistic Hypersurface (EPH), due to Beauzamy [BB1], 2004. This ap-
proach relies (as the previous one) upon the principle of maximum entropy, but the con-
struction is made using discrete entropy, rather than continuous one. The main differ-
ence with the previous construction lies in the propagation of information, which is much
simpler : it can be done in a very elementary way, so there is no more difficult tuning of
the parameters.

In the one dimensional case, we give an explicit construction of the Hypersurface, in the
case of 1, 2, 3, 4 measures, for the computational code communicated by IRSN.

In the many-dimensional case, we give all formulas for explicit computation of the EPH,
at any point in the space.
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I. Introduction

We give here a new construction of the Experimental Probabilistic Hypersurface, intro-
duced by Bernard Beauzamy in [BB1] (2004). Recall that the EPH provides a way of
"storing" probabilistic information : if an experiment, or a computational code, has been
executed N times, it provides N results. But each of these results depends on the spe-
cific values given to each of the K parameters. The EPH gives a way of anticipating,
with some probability, a result associated with values of the parameters which have
never been met before.

In practice, the EPH consists in a collection of densities of probability, one above each
point of the configuration space. The density is a Dirac measure (certainty) if the meas-
ure has been made at that point, otherwise, the density is less and less concentrated
when we move further away from measure points.

The construction in [BB1] is based upon a general principle of maximal entropy (minimal
information) : we should not add any unnecessary information when we build the EPH.
We keep this fundamental principle here.

The key point in the construction is the propagation of information, from a measure
point to any other point. In [BB1], this propagation depended upon two parameters, a
and )\, and these parameters were tuned in comparison with the global characteristics of
the EPH : see [BB1] and our first report [OZ1].

However, this computation of the parameters is quite delicate and complicated in prac-
tice : it depends on a prescribed distance between the empirical repartition function and
the global empirical function, computed from all local densities. But the choice of a pre-
scribed distance, or accuracy, is rather arbitrary and does not completely respect the
principle of maximal entropy.

Here, instead, we introduce a new construction of EPH based upon a very simple princi-
ple for propagating information, from any measure point. As in [BB1], entropy increases
linearly, but this increment depends only upon one parameter, and this parameter is
tuned only with the rule of maximum entropy, with no computation of distance. The re-
sulting construction is considerably simpler, both in theory and in computer implemen-
tation.

Also, our construction relies only upon discrete entropy, thus avoiding the delicate com-
parisons between continuous and discrete entropy which were needed in [BB1].

II. General construction

We give it first in the case of a one-dimensional code, that is depending on one parame-
ter. A numerical example (built on the function indicated by IRSN) is given below. We
start with theoretical considerations.

Let 6 = g(z) be a one-dimensional computational code. We can think of 6 as represent-

ing a temperature (see the work for Framatome-ANP, [BB1]), but it does not matter
here.
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Before any measure has been made, we know (this is expert knowledge) that this tem-
perature, no matter what z is, must lie between two bounds ¢ , and ¢, . We know also

min

that £ may vary only in some bounded interval [w x ] : in practice, physically speak-

min ? ““max

ing, neither the parameter nor the result may take infinite values.

Before any measure is made, all we know is that the result will be in the interval

[tmm, tnm] : this is represented by a uniform law on this interval. So, before any measure
is made, at any point z, our guess for the result is a uniform law on the interval
[tmirn tma.x] .

Now, assume a measure has been made at a point z = ¢ ; it gives 6, = ¢(&,) . This cor-

responds to a new information. The EPH describes how this information propagates to
any point z = & . The idea is that, if we move far from ¢, the information becomes less

and less precise.

In Beauzamy's construction [BB1], information is characterized by entropy. The Minimal
Information Lemma ([BB1]) shows that this entropy must increase linearly with the dis-
tance. But two definitions of entropy may be taken : discrete and continuous ; passing
from one to the other is delicate.

Here, we will work only with discrete entropy : if a probability distribution (p,), p, >0,
Z p, =1, 1s given, its entropy is defined as :
j

1
I = ijLogp— (1.1)
> .

J

The minimal value of I is 0, when all p;'s are 0 except one, which 1s 1, and the maximal

value, for a distribution over an interval, is obtained with the uniform distribution, when
all p;'s are equal. So, if we set :

J

£ = b +;(tnm —tn) » 5= 0,0, (1.2)
the step of the division is :
T = T = iy , (1.3)
v
and the maximal entropy is :
I = Log(v). (1.4)

So, for a given point z, the entropy of the density function above this point is of the form
I(z) = \d(z,€)) (1.5)

where \ is a constant to be determined (independent of z) and d(z,) denotes simply
the distance between z and the measure point ¢ , that is, in the one-dimensional case :
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d(z,&) =z —&l. (1.6)
(Extensions to higher dimensions will be given below).

When the entropy I(z) is fixed, the form of the probability distribution ( pj(x)) follows.

Indeed, Lemma 2 in [BB1] shows that, for given entropy, the probability with maximal
variance is a "discrete Gaussian", that is of the form :

p,(@) = exp(=at +b), a7

where a and b depend on z.

We first recall some items from the previous construction and we explain our modifica-
tions.

A. Previous construction

The continuous analogue, in [BB1], was Gaussian functions of the form :

f(tax) =

o~2m
with o = A - a8 = . gl , where A\ >0,a>1.

In order to build the Hypersurface we had to find the best ¢ and A which satisfy the
condition (see [BB1] and [OZ1]) :

Eimp (t) - FEPH (t)HLZ S €
Ent(EPH) — max

where :
0, if t<§,
Foy () = L, if t>0,
is the empirical repartition function, and :
1 Tax T
Foon () = 5——— f tf f(r,z)drdz

‘min “min

is the repartition function deduced from all local densities.

The bound ¢ was arbitrarily fixed, with respect to the I’ norm :

1

£€=—
10

E,, @)

I
The entropy used was the continuous one :
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Ent(EPH) = _f Jopr @)LOg fopy (t) dt

In order to compute A and a we tried successively different values with a trial-and-
error method.

B. New construction

In the present construction, we will only use discrete functions. Instead of a continuous
function, as a density, f(¢,z), we will use a collection of probabilities p,(z) (see formula

(1.7)) :

p;(z) = exp(—atj2 + b),
where a and b depend on x.
This will allow us to work only with discrete entropy, thus avoiding the difficulties con-

nected with the comparison between continuous and discrete entropy. This will also
make the computations easier.

We can assume that, for all z, the discretization in ¢ is always made the same way : it
corresponds to the precision of the measure instrument. For instance, we can assume
that, no matter what are the values of the input parameters, the output (as a tempera-
ture) is measured within 1°C.

This means that, for all x, the densities p,(x) will all be discretized the same way, as in
(1.2) and (1.3) .

We assume first that the measure has been taken for { = 0 and gave the value 6, = 0.
So the p; are all symmetric: p_, = p,.

The local repartition functions F(t¢,x) are replaced by the sequence of partial sums :

(@) =3 pla).

2= Jmin

The global repartition function is therefore replaced by the partial sums :

Tmax

G, = _ f i: p,(z)dz .

max min Ty © Jmin

We have seen that the discrete entropy is given by the formulas (1.5) :

I(z) =M = Az — &], with A > 0.

Note that A depends on the discretization, namely on v. We denote it by l(v). The
choice of i(v) will be determined by the value of the entropy at the largest distance
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from ¢ to the endpoints, z,, and z, . We denote by d_, this largest distance. So we

n

get the relation :

The computation of the largest distance will be explained below.

1
But on the other hand the entropy is defined by formula (1.1) : I = E p;Log—, so we
J

J

can write :
1
> p, Log—=Xa)d. (2.1)
i p;
But :
Logl =at’—b,
D;
and so (2.1) becomes :
az tfpj —b=Awd. (2.2)
t

Since the p,'s are symmetric, o’ = thzpj (see [BB1]), so we have :
t

ac” +b=Xwd. (2.3

The condition Z p;, =1 gives:
J

b —at?
eE e =1.
j

So :
1
b= Log——atQ . (24)
> e
j
So (2.2) becomes :
2 7at]2
th e .
e e
J J

When A (v) and d are known, this equation allows us to find a.

In practice, we can make some approximate computations, as follows. Recall that 7 is
the step of the subdivision in ¢ (see (1.3)) :
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a1 1 [7
Ze / z—fe dt =—- |— (2.6)
j T T Ya

w2 1 +o00 ,
g t%e " z—fthf‘” dt = T 2.7
T

and (2.5) becomes :

that is :

which can be written :

and finally :
a= 12 exp{l -2\ d}, (2.8)
T

and :

b= Log

T\/E]:l—)\(v)d. (2.9)
T 2

So now we have the explicit dependence of a and b as functions of A\ (). We can rewrite
the expression for p,(7) using formulas (2.8) and (2.9) :

2

iy 1 .
—— exp{l—2A(u)d}+§—)\(V)d , 7=0,..,v, (2.10)
-

2

p,(z) = exp

When ¢ = 0 and 0, = 0 (general case) we obtain the formula :

t,—6,)
p;(z) = exp —W(]T—Zl) exp {1 —2 ()| — §1|} —i—%— Az =& (2.11)

So, we obtain an expression for p,(z) which depends only from one parameter, namely

A(v). It also depends on the discretization parameter 7, but this parameter is known.
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C. Computation of )\ in the case of 1 parameter : theoretical approach
1. Case of 1 measure

In order to compute the parameter \ () we will use the fact that, before any measures
and ¢ It means that for all points z

max *

were made, we had a uniform law between ¢
(z € [iB

) will have the same probability at ¢;, namely 1/V. And discrete entropy

min ? :Emax ]

in this case will be equal (see [BB1)) :

t...—1.
I = Log(l/) — Log max min_
T

This is the local entropy in each point = (all of them are equal).

Since we do not have any measure, we have the worst information in each point, and the
worst information gives, as we know, the biggest entropy. It means that for the situation
when we make 1 or more measure at any point, we should not obtain an entropy bigger
than [ = Log).

When we make the first measure, the entropy changes at each point. At the measure
point & the entropy is equal to zero (see [BB1]) and it increases linearly when we are

going away from & . And the biggest (maximum) entropy will be at the point which is the
furthest from &, .

But, as we said, the entropy at any point cannot be larger than I = Log(v), so we have
the formula for A\ (v) :

Log(w)=Aw)-d

max

that is :
3.1)

where d . 1is the biggest distance from § to any point in the space, that is either z

max max

or x, .

We present this example with an illustration (see below), in which the observed value ¢

:Emax - £1| .

thanto z _.Inthiscase d . =

min max max

1s closer to
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Figure 1 : increase of entropy with distance

The furthest distance d_,_ from § to x

max

(or x gives the best situation to compute

max min )

A. At this extreme point, the entropy should not be smaller than I, (otherwise we add
information).

Maximum entropy

|
|
|
|
!
| -
-
[
-
I

|

|

|

|

1

|

|

|

|

| |

| |
|

| |

| |

| |

: :

§ 2

x¢in &l Xri:nax

| |

| |

| |

| |

| |

Figure 2 : the increase is too small

If the slope of increase is too large, then the entropy at the extreme point would be above
the known value Log(v), which contradicts the fact that a new measure must add some

information everywhere.
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Figure 3 : the increase is too large
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2. Case of 2 measures

We now study the case when we have two measures, at points § and &,. In order to
compute A (v), we will use the same principle as before. We denote it by A, (). We now
explain how to compute it.

First, we have to find which point, among § and &,, gives the furthest distance to x_,,
or x,. .Second, using this point we compute the entropy in the furthest point and obtain

the entropy which gives the maximum, namely Log ) :
Logwv)y= A\ w)-d_,. (3.2)

where :

d = max{xmin - £1|7|xmax - £1|7|',’Emin - £2|7 xnmx - £2|} °

max

For example, in the picture below, the distance between ¢, and x_, 1is the biggest.

X

The entropy in the point x with respect to & will be the maximum, that is Log @),

max ?

Logw)

so A\, (V)= :
|‘Tmax - §2|

Maximum entropy

Xmi

x
g5 N__N____

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
1
h 2 a
|
|
|

1
Figure 4 : increase of entropy with distance with two measures

in the case

min ? xmax ]

Now, we have the representation of the resulting p,(z) for each x e [x

of two measures. Recall that this density is given by a formula of the following type (see
[BB1] and [OZ1]) :

d2 dl
()= () + (T, 3.3
p]( ) dl + d2 pL] dl + dQ pZ./ ( )
where (p,;); is the density corresponding to the i — th measure, that is :
2
m(t, —0, 1
T
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and d, = d(z,§) = |£B - €L|
3. Case of N measures

Assume we made N —1 measures. All of them must give the same propagation of infor-
mation and this propagation has to be independent of the order of the measures. In this
case the formula for A\, |, () (where )\, , () is for case with N —1 measure) is :

L
>\N71 W) :M

max

T, —&, } with n=1,...,N—1. Denote it as d, r ,

where d = max { T —&,

max ?

When we make a new measure &, , we must have more information than before. Then,

for N measures, A\, (v) has to become <\, |, ().

So, we compute the value : d,, , = max { T — £N|, T, —& N|} and we compare d_,. .,
and dmax7N .
If d,,, >d,,,  then wehave torecompute \y () :
Log )
Ay ) =—80

max

If d <d then we keep :

maxy — maXy_q

Ay (W) =y, ().

Now we have the representation of p,(z) for each x e [x xmax] in the case of N meas-

min >

ures :

1 1

A
i=1

1
Pyt Dy | (3.5)
dy

p,()

where the p, ; are given by the formula (3.4).

This formula is simple, if one compares it with the first approach, given in [OZ1], in or-
der to compute the unknown parameter A.

Note also that here, we do not use any discretization in x, only a discretization in ¢.

D. Case of one parameter : Practical computation
1. Case of 1 measure

We take the example of a simple computational code suggested by IRSN :
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sin(z)

g(z) = —1000 (@ + 10)

(one variable, one dimension)
We made only one measure:

§ =—4and 6 = g(§) = 21,

First, we choose the boundaries for x and ¢. A computational code, or a physical experi-
ment, admit only limited values for the input parameters and produce only limited val-
ues for the outputs.

The graph of this code has the form :

600

400

200 -
0 N

H\\\H\\\HW\H\W\\\W\\\W\H\\i\\\w\\\‘H‘r‘\\—m\\\—W\\\T"\\\H\\\H\\\H\\H\\\H\\\H\
nun O u O w nu\o v O L O L O u o u o u o
~ ~ ! ~ ~
] 3

T
(=] o
n < < © o N N N N O O < < 0
_2 O 0 1 1 1 1

- -400

-600
-800

-1000 ~
-1200 ~

-1400

Graph 1 : the shape of the computational code

We take (arbitrarily) x . = —50 , =50 and ¢

max min

= —1100, ¢t .. = 500. Discretiza-

min max

tion in ¢ has step 7 =1, then v = LT 1600 .
T
. L
In this case d,, = |z, —&|=54 and A\ ) = 208w _ 0.137.
We put A () in our expression for p,(z) (formula (2.11)) :
2
w(t, —0 1
p;(z) = exp —% exp {1 —2\ Wz — £1|} + 5 A )|z =&l

In this way we obtain the collection of densities above each point = € [x T ]

min ? ““max

We have to take into account the fact we are working with bounded intervals,

min ? “max

t- E [t t ]7 x e [xmin7$ma.x:|
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and we need to renormalize the formulas giving pj(x) so that the sum should be 1.

Starting with the value given in (2.11), we introduce a normalization coefficient ¢, such

that :

We present the graph of the normalized discrete function p].(x) , for the point z = 20 :

0,10

0,09
0,08 1
0,07 1

0,06 A\
005 £

0,04 4

proba

0,03
0,02 / \

0,01 4

0,00

Graph 2 : the shape of the probability density for x=20

As an application, for example, we can compute the probability that at the point z = 20

500

our 6 will be > —10. This probability is given by the sum E p].(x), and, with the nu-

t;=—10

merical values taken here, we obtain :

500

> p,(z)=10,051.

t;=—10

The global repartition function G, in the discrete approach has the form :

1 “max J

G, :—f Z p,(z)dx

xma.x - xmin T

L=
‘min

We build the graph of this function. Using an approximation to compute the integral, we

obtain the graph :
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Graph 3 : the shape of the repartition function

where G| is a dotted line and empirical function F, () is solid line.

emp

In fact, here we do not need this function in order to compute A (as we did in our con-
tinuous approach). So, this graph is just for presentation.

Also, we can draw a two-dimensional graph for the functions p,(z), when

t- E [t t ]7 x e [xmin7‘,1:max:|

min ? “max

In this graph, a green line gives the density above the point x, =-25. The same density
occurs above the point x; =17, since it is symmetric of x,, with respect to x =—4. The

densities above points x, =—17 and x; =9 are figured by red lines ; blue lines are for

densities above points z, = —11, 2, = 3.
1
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0,6 | l
proba o5 | l‘
0,4 | | l )
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Figure 5 : the densities in the 2 dimensional space (in discrete points)
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The continuous graph will be :

Figure 6 : the densities in the 2 dimensional space (continuous) ; one measure

4. Case of 4 measures
Let us take :
L=—4,4=-1,§=0,¢ =2
We obtain :
0, =g(&)=—21, 6, = g(&,) =10.39, 6, = g(&) =0, 0, = g(&,) = —6.31

We take the same boundaries: z , = —50, z,, =50 and ¢, = —1100, ¢

min m.

- = 900,
discretization in ¢ has step =1, v = 1600.

In the case of 4 measures the largest distance d = |xmax - §1| =54, we obtain :

Let us compute the probability above the point 2 = 20. Using formula (3.5) with N =4
we obtain the graph of function p,(z) for z = 20 :
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Graph 4 : the shape of the probability for x=20 with 4 measures

As an application, let us compute as before the probability that at the point x = 20 the
temperature 6 > —10. This probability is :

500

> p,(z)=0,777.

t;=—10
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III. Building the EPH in the many-dimensional case

So far, we have worked on a one-dimensional space : the code depends only on one pa-
rameter. We will now see how the construction must be modified if the code depends
upon many parameters. We start with two parameters.

We take the same notation as in [BB1] : the parameters are numbered with lower in-

dexes and the measures with upper indexes.

A. Case of 2 parameters : theoretical construction
We now assume that our code depends on 2 parameters : 0 = g(X) = g(z,,z,).
We made one measure at the point 4, = (£, &") and we obtain 6, = g(¢", &),

So, we get one point 4, in the space R? and we build the Hypersurface in the space R”.
In the general case, if we have K parameters, the equation 6 = g(z, ...z, ) determines a
surface in the space R**' (see [BB1]).

In the case of 2 parameters (or, more generally, in the case of K parameters), each point

of R* has a density above it. These densities must be less and less concentrated, when
we move further from the measure point : this is the same as in the case of one parame-
ter. The entropy must increase linearly with the distance to the measure point, and the
Gaussian distribution maximizes the variance for a given entropy : this is the same as in
the one-parameter case.

So the densities are of the form :
p;(z) = exp(—atj2 + b),

as before.

The fact that the discrete entropy increases linearly with the distance gives the equa-
tion :

I(z,,2,) = A d(X,4) = )\(1/)\/<:B1 - 51(1>)2 + <:1c2 - 52(1>)2

But on the other hand the entropy is defined by formula (1.1). So, we have :

S, Log = A (n— ") + (x — &)
J j

We make the same substitutions and approximate computations as we did for the case of
1 parameter and we obtain the expressions for a and b :
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a = 12 exp{l—QA(V)'d(XaAl)}’
-
and

b :%—)\(V)-d(X,AI)

Finally, we obtain the expression for the collection of densities for the case of 2 parame-
ter and one measure :

7T<tj —91>2 1
p;(z,,2,) = exp R — exp{l =2\ d(X,4)} + 5~ A d(X,4)| 4.1)

We define the boundaries : z;, € [xL mins 1, max}, T, € [ml mins Lo, max}, 0 € [tins b |-

min? “max

We compute A (v) using the same principle as before ; the furthest point gives the max-
Imum entropy :

Log(w)=Aw)-d

max ?

where :

2 2
dmax = max {\/(’IEL m SI(D) + (:EZ m 52(”) }7

and z,,, stands either for z,  or z, , ;the same for z,

B. Case of K parameters and N measures

We now assume that our code depends on K parameters : 0 = g(z,,...,z,) and we made

N measures. We want to build the Hypersurface at the point X = (:1;1, e J?K>.

The first measure A, = (£V...€0) gives us 6, = g(¢"...£), the second measure A,

gives us 6, = g(4,), and so on. In this way we obtain :

Al

&
A ..

(&’

We have to define the bounds for each parameter at each point. We set :

for k=1..,K,and 0,...,0, € [t

min ? max] .

xk € [:Ek, min ? xk, max
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The distance between points in the space with K parameters is the usual Euclidean dis-
tance. We set for n = 1,..., N,

dn :d(X7An,):\/<ZE1— 1(71>>2+.'.+(:EK_ ;:,))2'

The general form of the collection of the densities with K parameters and N measures
above each point X 1is:

p; <X> =D, (1’1,%,...,1’}(> =7, (X)- pl.j(X) oy (X)- pN.j(X) (5.1)

where p, (X) represents the contribution of the n -th measure, given by the formula :

n |?

2
W(tj—(?n) 1
p,;(X) =exp = eXp{l—Q)\N(l/)dn}+§—)\N(y)d n=1...,N (5.2

The coefficient of propagation A, (v), depending on N (number of measures) and on v
(discretization) is given by the formula :

_ Logw)

Ay () (5.3)

max

where :

2 2
d.. :max{\/(xl_m - 1””) —l—...—l—(xK_m - ;?’) ]» ,n=1...,.N (5.4)

where z,, stands either for z, . or for z, . and the maximum in (5.4) is taken over

all possible combinations of max and min.

The coefficients ~,(X) in (5.1) must satisfy :

(X)) + . (X)) =1. (5.5)

In a space with K parameters, each of them is of the form :

(see [BB1], formula (10.2) and (10.3)).

So formula (5.1) takes a final form :
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1

Z1/dK d

1
pj(xl,xz,...,xK) — Dyt —|—dK Pyl (5.6)
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