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I. Introduction

We present here the complete construction of the Experimental Probabilistic Hypersur-
face, introduced by Bernard Beauzamy in [BB1] (2004). The EPH provides a way of "stor-
ing" information, under a probabilistic form : if an experiment, or a computational code,
has been executed  times, it provides  results, each depending on the specific values
given to the parameters. The EPH gives a way of anticipating, with some probability, a
result associated with values of the parameters which have never been met before, or
have been lost.

We show how the EPH allows prevision (values in the future) or reconstruction of miss-
ing data (values in the past).

In practice, the EPH consists in a collection of densities of probability, one above each
point of the configuration space. The density is a Dirac measure (certainty) if the meas-
ure has been made at that one point, otherwise, the density is less and less concentrated
when we move further away from measure points.

The construction given in [BB1] is based upon a general principle of maximal entropy
(minimal information) : we should not add any unnecessary information when we build
the EPH. We keep this fundamental principle in all our construction.

The key point in the construction is the propagation of information from a measure point
to any other point. The “speed” of this propagation depends from one parameter which is
tuned with the rule of maximum entropy.

Applications of EPH

The EPH was initially constructed in order to meet a request from Framatome-ANP
( 1u 3 1 1 &" %EPBASS(S(( % &+5&"5"$B4 % 60 concerning the
results given by a computational code, named « CATHARE ». This code computes the
temperature reached in a nuclear reactor in case of a severe accident ; it is used for
simulations. The question is : what is the probability that the final temperature will be
above a given threshold (namely 1200°C), given the results of a few hundred runs of the
code ?

The code CATHARE depends on 51 parameters (of various types) ; a list of these pa-
rameters is given in Annex1. A list of 321 measures were performed, and, for each meas-
ure, the maximal temperature reached is retained.

In fact, CATHARE indicates the evolution of temperature over time (and usually 3 peaks
appear), but we are interested only in the maximum temperature reached for each ex-
periment.

The computational code is rather slow (several hours for each measure point), so only
few computations can be performed. The general question is : what is the value of the
information provided by 321 experiments, given the fact that we have 51 parameters ? If
each parameter took only 10 values (and in fact most of them are continuous parameters,
which can take infinitely many values), then the configuration space has 10°" different
points, and the exploration given from 321 values is quite small.

The construction of EPH can be applied :
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in order to find a local probability, that is the probability to have some value above a
certain threshold at a given point in the parameter space ;

or in order to compute a global probability, that is the local probability integrated
upon the whole parameter space.

So here, the EPH is built in a space of dimension 51, using 321 measure points. The
computer representation is done using Excel files, and the program is made as VBA
macros in Excel. The construction is made in two steps :

a. General formula for the density of probability above each point in the space, combin-
ing the information sent by the 321 measure points. This density of probability is ex-
act (no approximation is made) ;

b. Computation of the global integral of these densities above the whole space ; this
computation is done by Monte-Carlo methods in a space of dimension 51, so it is only
approximate, but we derive an estimate of the error.

The complete computation of the global probability, in the case of 321 measures in a 51-
dimensional space, takes only a few minutes on a PC.

The results obtained here indicate that, with the present values, the probability of being

over the threshold is quite small : 2.5 10 ", with error at most 0,02. This opens the
possibility of increasing the power of the reactor, still remaining under the threshold.
The new value of the probability, for a different reactor, would be computed the same
way.

Here, all parameters are taken with uniform laws in their respective domain : it means
that no specific assumption is made upon each of them. But in practice engineers con-
sider specific laws upon each parameter (normal, log-normal, and so on), reflecting spe-
cific knowledge for each of them. The present construction may easily incorporate such
laws.

Another application of the EPH is given, to a problem coming from the European Envi-

ronment Agency : given the concentration of a pollutant, measured by many stations, for
several years, reconstruct the missing years and predict the future evolution.
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I1I. Notation

Let K be the number of parameters used by the experiment or the code. Let z,, ,z, be

these parameters. Weset X =z, ,z, . We write the result of the code as :
t CT(X) CT(z, ,z.)
CT stands for "Cathare" and ¢ was taken as representing a temperature.
In the sequel, we will always talk of a "computational code" (it might as well be a physi-

cal experiment) and the code will be denoted by CT. So these notations from Framatome
will be applied to any situation.

If N measures were performed, we denote by k<”) the value taken by the £ -th parame-
ter x, for the n  th measure. We put :

An, ( 1” I;’ )’ n ]‘ N

This is a point (called the "measure point") in a K  dimensional space. So there are N
measure points 4,...,4, ina K  dimensional space.

For all these measure points, we obtain the values of the temperature ; we denote them
as :

CT A ,n 1, ,N.

n n

So, in general, Greek letters ( , ) refer to values which have been observed, whereas
roman letters (f,z) refer to generic situations.

We will proceed progressively : building the EPH in the one-dimensional case, for one
measure first, then for several measures, then in for any number of dimensions.
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I11. Building the EPH in the one-dimensional case

We start our theoretical considerations in the case of a one-dimensional code, that is de-
pending only on one parameter. So let us assume that the code CATHARE depends only
on one parameter : X 1z,

5 7 L]

Before any measure has been made, we know (this is expert knowledge) that the tem-
perature, no matter what X is, must lie between two bounds ¢ . and ¢ We know al-

so that X may vary only in some bounded interval z, =z .,z : in practice, physi-

min’? ““max

max *

cally speaking, neither the parameter nor the result may take infinite values.

Before any measure is made, all we know is that the result will be in the interval
t...t.. :thisis represented by a uniform law on this interval. So, before any measure

1s made, at any point X, our guess for the result is a uniform law on the interval
t .t

min? “max *

75 L

Now, assume a measure has been made at the point X A ' ; it gives some tem-
perature |, CT(4).

Since the measure at the point A, gave the precise value |, we have above this point a
density which is a Dirac mass :

1. Available information

Quite clearly, the total available information has increased, since a measure has been
made. In fact, we have at our disposal two different types of information :

The probability density above a point X derives from the density constructed
above the point A (which was a Dirac, reflecting certainty). It will not be a Dirac
anymore (since we are not certain of the result at any new point) and will be flatter
and flatter (less and less concentrated) when we move further from the measure
point.

The probability density above a point X 1is entirely supported by the interval
t ..t

min? “max *

In order to make these statements precise, we need to use the notion of information con-
nected with a law of probability : this is the concept of entropy which we now present.
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2. Definition of entropy

Let p, be a discrete law of probability (with p;, 1). The entropy associated to this

law 1s defined by the formula :

1 piLogi (1.1)

J J
In Beauzamy's construction [BB1], continuous entropy was also introduced, but we will
not need it in the present work.

Discrete entropy is obviously positive (since p;, 1); it is equal to O if and only if the
distribution is concentrated at the point A, since in this case all p,’s are 0, except one

which is equal to 1. As we said, this is a Dirac mass.
When we start moving away from 4, , the information becomes less and less precise and

accordingly the entropy increases. The Minimal Information Lemma ([BB1]) shows that
this entropy increases linearly with the distance.

3. The Minimal Information Lemma

Lemma 1. Minimal Information Lemma.

ZyyoisZy | LI 0 0 r 8 * Z9
0 Z Zye, 20

! Z, : T : * 5

: 1 1 1 z * 9
2, %0 ko 1L..,K 1
LI

Proof of Lemma 1.
Since the random variables Z, satisfy : 0 Z, Z, , Zand follow a uniform

law, the joint law of the K 1-uple Z|,...,Z, |, has a density which is proportional to
the function :

F@eye ) Loy ey 200 Ui )
which is O unless all y,,...,y, , satisfy 0y, Yx 1 4 ,1in which caseitis 1.

We take as an estimate for each Z, the expectation of the marginal law for each vari-
able. This gives the formulas :
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Z Yk 1 Y2

Yy dyl dy}( QdyK 1

dy,  dyg ,dyg

K 1 K
The denominator gives 7 and the numerator " So we get :

This proves lemma 1.

Let us now apply it to the CT code, and construct the density above each point.

4. Basic discretizations

We may of course assume that the measure CT(X,) was made for X, 0.
Let , CT(0).

Since the parameter space is one-dimensional, we may have values on both sides of 0.
Let m,M be the interval of values for the parameter ; it contains 0, where the measure

was made.

(L]
©“

Let D be the maximum distance between 0 and the endpoints of the interval, that is
D  max |m|,M .We assume herethat D M (picture above).

We fix some KX 0 and we discretize our parameter z as:

kD

k0, K, 1.2
e (1.2)

Ly,

We have z, 0O andz, D.

D

The step of discretization is —.

Concerning the temperatures, we also write a discretization of the observed values, be-
tween some ¢ . and ¢, under the form :

n max ?
J
=1

g min max min j

0, , (1.3)
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where is the number of points in the subdivision. The width of the subdivision, for the
temperatures, will be denoted by :

t t .
max 11 (1 .4)
Let j, be the index of the observed temperature for z, 0:

Jo 0°

In order to construct the Hypersurface, we will compute the probability, denoted by p, ;,

corresponding to each ¢; above each z,. These probabilities verify :

p., Ll,for k& 0,.. K.
ji 0
For £ 0,...,K, we have the largest probability for p,; when j j, (since ¢, o 18
the only measure that was observed). The probability decreases when j gets further
from j, (both on the right and on the left). In other words, for any &, the sequence p, ; is

increasing for ;7  j, and decreasing for j  j,.

5. Basic properties of the density above each point

We may legitimately consider that the sequence p, ; is symmetric with respect to the in-

dex j, (same decay both on the left and on the right). If we neglect the truncation effect
due to ¢
the fact that the expectation is equal to |, :

and ¢ (we will come back to this later), this last property will translate into

min max

D, b 0. for £ 0,...,K. (1.5)

i o

Finally, we may legitimately consider that the variance of the law increases when we get
further from the measure point. This gives :

2 .
D, t; increases for £ 0,....K.
j o

So we have enumerated all properties that the probability laws must meet, taking into
account the physical constraints.

As we saw in formula (1.1), the discrete entropy [, above a point z, is defined by :

I py.; Log p, ;-

J 0

It is increasing with £ 0,..., K, since we have less and less information since we move
away from the measure point.
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At the measure point 0, we have a precise information, so all Dy, 0, except p, i 1.

We now compute the entropy at the farthest point, that is at distance D .

6. Principle of Maximal Entropy

Lemma 2. - Maximal entropy.

0 = * ;

min? “max ’

t T
I Log 1 max min .

max

Proof of Lemma 2.

At any point in the measure space, we know that the temperature must lie in the inter-
val t .t . So, the weakest information is to assume that, at the farthest point, we

min? “max

know nothing else.

The segment ¢ ,t . 1is discretized by the rule (1.3) and contains 1 points. Since

we have a uniform law, all of them will have the same probability, namely % The

corresponding entropy is :

1
01

Iy Log 1 Log 1 Log 1+M

j
This proves Lemma 2.

In order to simplify the notation, we set :

I TLog1 Jums fun (1.6)

max

We do not know the precise value for each I,, 0 k£ K ; so we consider that they fol-
low uniform laws, satisfying the inequalities :

0o I, I, I, I, I

Applying the Minimal Information Lemma, we see that the entropy must increase line-

arly with the distance from 0 and, applying Lemma 2, we see that it must take the value
I at distance D. In our case, this gives :

max

kI
I, —Bd (1.7)

Let us now introduce notation which will be useful in the general case (higher dimen-
sions, any measure point).
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If A is the point where the measure is made (not necessarily 0), the entropy of the law
above any point, in the discretization of the parameter space, can be written as :

Lo I(X,)  d(X,,4) (1.8)

where  is a constant to be determined (independent of X,) and d(X,,4,) denotes the
distance between X, and the measure point A, that is, in the one-dimensional case :

d(X, A) ‘xlk N ‘

) . ) ) ) . I
Extensions to higher dimensions will be given below. We note that % depends

only on the possible interval for temperature (that is, the interval ¢ ) and the

min ? tmax

"width" of the parameter space, that is the number D.

The knowledge of the entropy is obviously not enough to compute completely the prob-
abilities p, ;. So, we assume moreover that on each layer the variance is maximum (we

penalize ourselves). In this case, the p, ; can be computed explicitly, as we now see. In

order to simplify our notation, we omit the index £ .

7. Maximum variance for fixed entropy

Let us first observe that, for a fixed distribution of probability (p;), to maximize the
variance when the entropy is fixed is the same as to maximize the entropy when the
variance is fixed : the solutions to both problems will have the same shape. The second
problem is easier to solve. The lemma below is already used in [BB1] .

Lemma 3. - Distribution with maximal entropy, fixed variance

P, to: 8 * 5 - 2

Proof of Lemma 3

This extremality property is well-known for usual Gaussian variables (see for instance
the book [Sobolev], chapter 10, proposition 10.2.2 ); we present here a discrete analogue.

Let p, be the distribution maximizing the entropy. We have obviously :
p;, 1.
j

We may assume (modifying the points t; if necessary) that the expectation is O, that is :
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pit; 0.

If the variance is fixed, that means :

pt; % 1.9)

J
J

Let now ¢; be a sequence such that (p;, ¢;) is also a probability, with mean 0 and same

variance. This means :

¢ 0, (1.10)
j
q;t; 0, (1.11)
j
and using (1.9),
git: 0. (1.12)
j
Since p; is extremal for the entropy,
p;Log p, (p,+q;)Log (p; ;).
j j
which can be written :
4, 4;
pLog (1 %) q;Log p, qlog (1 =) 0. (1.13)
i D, i i Dj
Let  be a real number and let us consider the sequence ¢;, when 0. We get from
(1.13):
4, 4;
ijOg (1 _) q]'LOg p; q]'LOg (1 _) 0,
i D, i i Dj
and thus :
¢
q gLogp, * =+ 0,
J J i Py

using (1.10) :
gLogp, * —L 0.
j i Py

But this must be true for any , positive or negative. This is possible only if :
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| q,Log p, 0. (1.14)

J

Let ) be the vector of the q;’s. The conditions (1.10), (1.11), (1.12) imply respectively

that, in the space [°, the vector @ is orthogonal to the constant sequence, to the se-
quence X (t;), and to the sequence X? (tf) Property (1.14) shows that, if these
conditions are fulfilled, @) is orthogonal to the sequence U  Log p,.

So we see that if  is orthogonal to the vector space spanned by 1, X, X*, then U is

orthogonal to U . A classical result in Functional Analysis, the « bipolar theorem » (see
for instance the book [BB2]) shows that U 1is itself in the vector space spanned by 1, X,

X? . By definition, this means that we can find three real numbers , , suchthat:
U X X
and, coming back to our original notation :

Log p, t. t?

This concludes the proof of Lemma 3.

8. Form of the probability distribution above each point

Let us come back to our computational code which depends on 1 parameter : t CT(X).

As we said we assumed that one measure has been made at the point 4 ' and it

gives the temperature : ;| CT(4)). We now give the form of the probability distribu-

tion above each point X =z, in the interval z, =z ,%

min? ““max *

By Lemma 3, Log(p].) is a quadratic function of ¢, (for fixed k), with maximum for

J  J-Sowe obtain :
Log p, a(t, t, Y b,with a 0.

So the form of the density of probability for any point X is:

2

p(X) exp at, , b, j 0 . (1.15)

J

where a and b depend on X5

Our next step will be to simplify the formula for pj(X ). Also we will express the parame-

ters a and b directly from the point X .
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9. Explicit computations of the parameters

Let us first consider the case where 4 0 and ;, 0. So the p, are all symmetric :

Py Dy
We have seen that the discrete entropy is given by formula (1.8) :

I[(X)  d(X,A) |z [, with 0.

The parameter  depends on the discretization, namely on . The choice of  will be
determined by the value of the entropy at the largest distance from 11 to the endpoints,

r . and T as an application of Lemma 2 ; this computation will be explained below.

We write simply d  d(X,A4,).

On the other hand the entropy is defined by formula (1.1) :

1
I X p;Log—,
i D,
SO we can write :
1
p; Log— d. (1.16)
i D,
But :
1 2
Log— at b,
D,
and so (1.16) becomes :
a t’p, b d. (1.17)
t
Since the p,'s are symmetric, 2 tj2 p, , by formula (1.9), so we have :
t
a’ b d. (1.18)

The condition p;, 1 gives:

So :
(1.19)
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So (1.17) becomes :

g (1.20)

When and d are known, this equation allows us to find a5

In practice, we can make some approximate computations, as follows.

10. Approximate computations

Recall that is the step of the subdivision in ¢ (see formula (1.4)). If we forget about the

truncation between ¢ . and ¢,

at? 2 1
et Loy 1 \P (1.21)
a

2 1 2 .,/
2 at; 2 at
t'e — te™dt WL (1.22)

we can write :

and :

and (1.20) becomes :

that is :
a 1
Lo — — d,
I \/7 2

which can be written :

and finally :

a —expl 24d, (1.23)
and :
a 1
b Log \/: 5 d (1.24)
16
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So now we have the explicit dependence of ¢ and b as functions of
the expression for p,(X) using formulas (1.23) and (1.24) :

2

2

t
p;(X) ¢ exp exp 1 2d % d,j 0,..

where ¢ is a normalization coefficient, which is 1 if the values ¢
ciently far from the observed value ¢, 0
Set :

;

The above formula becomes :

c t,2
exp :

pj(X) \/2— E

When 4 0 and , 0 (general case) we obtain the formula :

¢ A
p;(X) N e

So, we obtain an expression for p,(X) which contains 3 parameters :

. We can rewrite

and ¢

max

are suffi-

(1.25)

The distance d  d(X,4,) between the point X and the measure point ; this distance

appears in the definition of , which increases exponentially with d .

The discretization parameter  (discretization with respect to t) : it is known from

the beginning.

The parameter which i1s a global parameter of the model ; it is linked with the

propagation of entropy. We now explain how to compute it.

11. Computing the parameter

In order to compute the parameter , we will use the fact that the maximum entropy is
reached at the point which is the furthest from A (see lemma 2) and this entropy is

equal to(see formula (1.6)) :

I Log 1

max

We have the equation :

max max
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17



that is :
Log 1
d

max

(1.26)

where d_, is the biggest distance from A, 11 to any point in the space, that is either

max

Z or T

max min *

We present this example with an illustration (see below), in which the observed value
/' is closer to x

1
min max max 1 :

than to z_, . In this case d_,_ ‘x

1

tox__ (or x_. ), we see how to compute . At

max min

From the furthest distance d_,_ from

a

this extreme point, the entropy should not be smaller than I ___ (otherwise we would add

max

some information).

3, "9 L

If the slope of increase is too large, then the entropy at the extreme point would be above
the known value Log 1 , which contradicts the fact that a new measure must add

some information everywhere.
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We now turn to the case of 2 measures.

We now study the case when we have two measures, at the points A4 ., and
A, ?.They give the temperatures , CT(A4)and , CT(4,).

When only one measure has been performed, things are simple : the only observation
gives ;|  CT(4,). We propagate this information, making it less and less precise, but

still the value | remains the most probable everywhere.

When a second observation is performed, things become more complicated. Indeed, in
general, , CT(4,) does not give the same result as ;| CT(4,). We cannot suppose

any more that , is the most probable value everywhere. Now we have two pieces of in-
formation which are apparently contradictory and we have to conciliate both.

1. Elementary information from each source

At each point X of the parameter space, we now have two densities of probability. The
first one, simply denoted by p,; X , is generated by the measure |, CT(4) consid-

ered alone :

with :

where d, is the distance between the point X and the first measure point, and ¢, is a

normalization constant ( p, .(X) 1).
J
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The second density of probability p,; X is generated by the measure , CT(4,) con-

sidered alone :

with :

We have to conciliate both, and turn them into a single density.

2. Combining the information from two sources

The natural idea is that if the first one is centered at , and the second one at ., the

resulting density will have two « bumps » : one around , and the other one around .
Here is the aspect of a possible graph, with | 1, , 1.4.

5_

3, /9 , e

Quite naturally, we consider that the resulting density p, X will be given by a formula

of the following type :
D; X 1 D X 2 Do X (1.27)

where 0 12 land | , 1 Indeed, we need to have a density of probability : we

cannot just add the two densities p,; and p, ;.

These coefficients | and , depend from the distances between X and A, and between

X and A,. So we consider them as functions of X: |, X , for fixed measure points.
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The function , X can be viewed as the "proportion of influence of the second source

upon the information at the point X ". In order to find a shape of this function, we will
start with a simplecase: 4 0 and 4, 1.

If X 0, we are at the point 4 and the influence of the second measure has to be zero,
so , 0 0.If X 1, we are at the point A, and the influence of the first measure is
zeroand | 1 1 , 1 0. Moreover, quite obviously, this proportion of influence of
A, may only increase when we get closer to A4, .

The Minimal Information Lemma tells us that, under these circumstances, we may con-
sider that |, X is linear. Since , 0 0 and ,(1) 1, we get ,(X) X and

(X) 1 X.

We obtain that ,(X) is the distance between X and 4, :
(X)) d XA |
and (X) is the distance between X and A4, :
(X)) d XA |y 2

An important remark is that the statement that ,(X) is a linear function of X is cor-
rect only when X belongs to the interval A, A4, . It has to be modified outside this in-

terval.

In order to have |, , 1, we have to divide (X) and ,(X), previously found, by
their sum.

So we obtain a formula for the resulting density p,(X), which is correct for any X, 4,
and A4, :
d d
2 P, X 1
dl d2 dl dQ

p,(X)

p, X, (1.28)
where d,  d(X,4) ‘xl 11‘ and d, d(X,A4,) ‘:1:2 12‘.

3. Computing the parameter , case of two measures

We have one more parameter to compute, that is , denoted here by .. We now explain
how to compute it. We will use the same principle as above.

First, we have to find which point among A, and A, gives the largest distance to z_,_ or
z,.. . Second, using this point, we compute the entropy at the furthest point and obtain
the entropy which gives the maximum, namely Log 1 , which leads to the equation:

Log 1 , d (1.29)

max
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where :

max max

1
d max ‘xmin . ‘ ,

This gives a practical way to compute ., : first, one computes d and then one uses

max ?

equation 1.29.

For example, in the picture below, the distance between 12 and z___ is the biggest.

max

[ESEpRESESR RN SIpRI S W——, S —

3, #9 z - s

The entropy in the point X =z with respect to 12 will be the maximum, that is

max ?

Log 1,s0 ,=

<5 ] ] 0 ]

1. Combining elementary densities

We assume now that we made N measures A, ,A, and obtained N temperatures
s s n- The resulting density at the point X will be of the form :

p; X 1Py X NP X (1.30)

where p, . X represents the density of probability above the point X resulting from

the sole n -th measure. The coefficient , depends from the distances between X and
the different points of measure 4,, ,A4,.We call it "influence of the n -th measure".

Set d,  d(X,A)). The coefficient , must satisfy the following properties :

N

1. 0 1 and 1;

n n
n 1

2. If d, 0, , 1 (atthepoint A , only this measure has an influence) ;
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3. If d0,all

have no influence) ;

0, except n ¢ where , 1 (atthe point A4, the points A,

n 3

4. If all d; are fixed, except d , the coefficient  is a decreasing function of d, (one

n

gets further from the n -th source of information) ;

5. If all the d, are fixed, except d,, £k n, the coefficient
tion of d, (we get further from the k -th source of information).

is an increasing func-

n

We see easily that a choice of the form :

n N ’ n 17 ;N (131)

for any positive value of the exponent p (p 0) satisfies all these requests. The pa-
rameter p depends upon the characteristics of the model, that is upon the physical ex-
perience which is performed. It is related to the propagation of the information and to
the way we combine several pieces of information. In a one-dimensional space, as we saw
p 1.

In this way we obtain the representation of p.(X) for each ,  z,,7 in the case of

min? ““max

N measures :

1 1 1

— Dy e — Dy s (1.32)
dlpl,] deN.]

pj(X) N
1/di

3

where p, ; X is the density corresponding to the n  th measure, that is :

2

t’ n
p71,7j<X) :/2_ eXp 12—2

with :

and d, d(X,A) |z "

We observe that the formula defining pj(X ) is symmetric with respect to the set of ob-

servations : the order in which they were made does not matter. This condition is obvi-
ously necessary : the result should not depend of the order of the computations. Both for
a computational code and for a real-life experiment, the results obtained at each trial are
independent of the order of the trials.

So, as we see, each new piece of information (each new computation) makes the density

of probability more precise : it « shrinks » it, and this effect is stronger if the measure
point is closer.
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The definition of these densities of probability allows us to incorporate all the available
information, no matter when it was obtained. All the results, even the old ones, are
worth using : they contribute to the global information.

2. Computing of the parameter in the case of N measures

Assume we made N 1 measures, and we computed the coefficient  ,, by the for-

mula:
Log 1
N 17
dmax.N 1
where :
n n
dmax,N 1 maxn 1,..,.N lma’X :Emin 1 ’zxrlax 1

When we make a new measure ,, we have more information than before. Then, for N

measures, N1
So, we compute the value : d,, v max |z, y|s|Twe  x|-@mwy 1 and we compare
dmax,N 1 and dmax,N .
If d,.,  dy, B then wehave torecompute  :

Log 1

=
dmax,N

If dwy oy 1 then wekeep:

N N 1

3. Truncating the probability laws

In practice, we do not work with discrete Gaussian, which would be infinite in both di-
rections ; we have to take into account the fact we are working with bounded intervals,

b min? “max ? xl xmin"rmax

If some measure point is close to one of the endpoints of the interval, in the formula :

p71,7j<X) :/2_ eXp 2—2

with :
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and dn d(X7 A’n) |‘T1 ln

not be equal to 1.

, the coefficient ¢, (called "normalization coefficient") will

This coefficient must be computed for each measure point ; its value is, by definition,
given by the formula :

(1.33)

IV. Building the EPH in the many-dimensional case

So far, we have worked on a one-dimensional space : the code depends only on one pa-
rameter. We will now see how the construction must be modified if the code depends
upon many parameters, as this is usually the case.

We now assume that our code depends on K parameters : ¢t CT(z,, ,z,) and we
made N measures :

., CT A CT(,)

—
~—

v CT A OT(," )

We want to build the Hypersurface at the point X Ty, Tg .

First of all we have to define the bounds for each parameter at each point. We set :

1 N
ko > ko xk |xk,min’xk,max" fOI' k; 1""7K and 1’ )y N t t

min? “max °

The distance between points in the space with K parameters is the usual Euclidean dis-
tance. We set for n  1,..., N,

1. Necessity of normalization

In practice, we can meet a situation where all parameters have completely different or-
ders of magnitude.

As an example, we present the bounds for some parameters which were taken from
“CATHARE” :
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First parameter z, 0.455,1,, 10 : 2, -52,71,, 16t : 2 4130 000, 4 390 000,

and so on.

and z will

min max

So, in this case the parameter which has the largest distance between x
give the biggest influence for the collection of the densities p, X . The form of the Hy-

persurface would strongly depend on this fact. But this cannot be correct, because in
general, we do not know which parameter is more “important” and we want to consider
all of them equally, at least in a preliminary stage. So, the width of the interval of varia-
tion cannot be a criterion of importance.

In order to have an equivalent influence from all parameters, we have to normalize all of
them and bring the interval of variation of each z, tobe [0,1], ¥ 1 K. This is done in

a very simple way : if a parameter z varies in a interval © |2 ,;,,2,,..., the parameter
mh varies in [0,1].
zmax :Emin

2. Densities after normalization

We will show that this normalization does not change the form of the density. We do it in
the case of one parameter (K 1).

We have to prove that the densities of probabilities p, y , j 0, have the same
T x

———uing¢ 0,1 Inother
T T

max min

value whenboth y X, 2,z .,z andy X of

min ? ““max

words :
p,x  poat,j 0,

In order to prove this, it is enough to compare everything which contains d, (because X
appears only in the formula for distances).

Let # and d# indicate the values in the normalized case. We have to show that :

D otd o d,
B S
dp d
2) ¥ n ¥ n
1/d¢ 1/d,
i1 / i1 / /
The measure points A, " =z, have alsotobe normalized :
f-{ n 1 ‘Tmin 07 1
:Emax min
We have :
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n
)t ot
min or max ﬁ
n
LOg 1 | (:El xmin ) ( 1 :Emin )
n
(wrrlin or max :Emin ) ( 1 :Emin ) ‘ :Emax xmin
xmax xmin
Log 1 n max xmin Log 1
',’El 1 dn dn
" d
L in or max 1 max min max
and similarly :
1 xma.x xmin i i
n
2 ) n | xl 1 xmax ',’Emin dn n
N xmax xmin xmax xmin R 1 1 N
1 / d# 1 N max min _ 1 / d
i T i
i 1 ‘ ‘x1 1 d, dy i1

This proves our claim : the renormalization does not change the density.

75 - L 5
We now assume that our code depends on 2 parameters: ¢t CT(X) CT(z,z,).

We made one measure at the point 4, (,', ,') andweobtain , CT( ', ,').

. . . 1 1
Also we define the boundaries: | ,z, ey Tomans 2 0% (o, mins B, maxrs
and iy b -

So, we get one point 4, in the space > and we build the Hypersurface in the space

In the general case, if we have K parameters, the equation ¢ CT(z;, x,) deter-
mines a surface in the space  * .

In the case of 2 parameters (or, more generally, in the case of K parameters), each point

of ¥ has a density above it. These densities must be less and less concentrated, when
we move further from the measure point : this is the same as in the case of one parame-
ter. The entropy must increase linearly with the distance to the measure point, and the
Gaussian distribution maximizes the variance for a given entropy : this is the same as in
the one-parameter case.

So the densities are of the form (see formula (1.15)) :

p(X) exp at’ b,

J

The fact that the discrete entropy increases linearly with the distance gives the equa-
tion :

I(z),1,) (X, A)
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with d(X,A4) \/ T ’ T, °
But on the other hand the entropy is defined by formula (1.1). So, we have :

1
p, Log—  d(X,A)
j p;

We make the same substitutions and approximate computations as previously and we
obtain the expressions for a and b :

a —expl 2dX,4),

and

1

b d(X,A)

Finally, we obtain the expression for the collection of densities for the case of 2 parame-
ter and one measure :

c t
p,(X) 75 &P —"2 - (2.1)
with :
¢ d
V2 e
and d d(X,A) \/ T, ’ T, * . So our expression is identical to the one

obtained in the case of one parameter.

We compute  using the same principle as before ; the furthest point gives the maxi-
mum entropy (see formula (1.26))

Log 1 d .,

max

where :

2 2
& 1 1
dmax max &\/ :EL m 1 :EZ m 2 g’

and z,,, stands either for z;,  or z, . ;the same for z,,
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1. General form

Finally our code depends on K parameters and N measures were performed.

Let X be any point in the space ;let d , n 1...,N be the Euclidean distance between
X and the measure point 4 .

The general form of the collection of the densities above each point X 1is:
p; X P; Ty,%y, Tk 1(X) pLj(X) x(X) pNJ(X) (2.2)

where p, .(X) represents the contribution of the n -th measure, given by the formula :

with :

and d, d(X,A,),n 1, ,N.Asbefore, c, is a normalization coefficient ( p,;, 1

for all n), taking into account the truncation between ¢ . and ¢,

n max *

The coefficients  (X) in (2.2) satisfy :

n

2. Combining elementary information
In order to specify the exponent p, we need a Lemma, taken from [BB1]:

Lemma 4. - Best exponent in a K dimensional space

1 z K L N1 0 * p K z
LI | L] 51 : 9
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Proof of Lemma 4.

We may legitimately consider that the coefficient p does not depend of the number of
measures that have been realized.

Let us consider the case of two measures, in dimension K , according to the following fig-
ure :

3, (9 :

Here, A and A, are two points of measure and X is any point in the segment A, A4, .
Let d, be the distance between X and A (this is the radius of the first ball in the above
figure) and d, be the distance between X and A, (this is the radius of the second ball).
We come back to formula (1.27) :

p; X 1 Dy X 2 Do X (2.4)
where ,(z) represents the proportion of influence of the second source at the point X .

Quite obviously, at every point of the ball B,, this proportion of influence will be larger :
these points are closer to A, and further from A4, .

The same way, quite obviously, at every point of the ball B, , this proportion of influence
will be weaker : these points are closer to 4, and further from A4,.

Assume that these balls have been discretized by m, points 2z, inside the first ball and
m, points z, (¢« m, 1,...,m, m,) inside the second one. Let Z, be the random vari-
able representing the proportion of influence of the second source at the point 2, and Z

be the random variable representing the proportion of influence at the point X . This
proportion of influence being unknown, as we already did in the Lemma of Minimal In-
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formation, we assume it follows a uniform law. The variables Z, respect the following

relations :
0 Z,..,7, w103 Ly my L
In other words, their joint law is proportional to :
Ly (Wireos Y s Ys Y 15+ Yy, ) (2.5)

where V is the volume :

V (yl)"'Jy'ml7y7y'ml 17"'7ym1 mﬁz) e 170 le"’)yml y yml 17"'7y'ml my 1

As we already did in the Lemma of Minimal Information, the value we attribute to Z is
the expectation, namely, by formula (1.7) :

y dy,...dy,, dydy,, ,...dd

my My

E(Z) <+ . (2.6)
dy,...dy,, dydy,, ,...dd

mp My

Vv

The computation is exactly the same as in the Lemma of Minimal Information, noticing
that the volume of V is:

vol(V)  my!m,! vol(V") (2.7)
with :

| m; my 1
V (yl’ e yml ' Y yml 1700 yml My ) ’ 0 yl o yml Y yml 1 I yml my

. . omy!m,! .
The denominator of (2.6) is ————2— and the numerator is .
m, m,)! m, m, 1)

m,!m,(m, 1)

So we get :
m, 1
m, m, 1

But the number of points m, in the ball B, is proportional to the volume of this ball,
which is itself proportional to d* (recall that K is the dimension of the space). The

same way, the number of points in the ball B, is proportional to d2K . So we get :

d;’

X L

and

- Nt 2 0 "6+ 31



and, putting back into formula (2.4) :

d2Kp1,]‘ X dle2,j X

p. X
! Tdf
When we have N measures we get :
d K
() )
which proves lemma 4.
So formula (2.2) takes as final form :
N
di Kpi,]
pj(X) - 1N
d K

3. Computing the parameter

The coefficient of propagation , depending on N and on

Log 1
d

max

where :

(2.8)

(2.9

, 1s given by the formula:

(2.10)

2
n
:EK ,m K

where 7, stands either for =z, . orfor z,  and the maximum is taken over all possi-

ble combinations of max and min.
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V. Direct applications of the EPH

In this paragraph, we present direct applications of the EPH ; numerical examples will
be treated later.

5ll

The first use of EPH concerns the reconstruction of missing data, or the prediction of fu-
ture ones (this is the same, mathematically speaking).

Assume that N computations have been made. We have a new point X (z,,...,2,)
and we want to predict, or to reconstruct, the value of CT at this point, that is we want
to predict t CT X .

First, using EPH, we build the density of probability p.(X ") at the points t;

¢ J

J min max tmin ’ j

0,

(see formulas (1.3) (1.4) and (2.9))

Then the reconstructed or predicted value will be simply the expectation of this probabil-
ity law, that is :

t°  E(T) t, p(X) (3.1)

j o0
We give several examples below.

75 L ,

We can use the EPH in order to compute the probability that the temperature

*

t CT X ata given point X will be in some interval T;, T,,, where T, f, and
T, t,..-Such estimates are useful for a risk analysis.
This probability is computed by a simple sum :
J2 ;
P.T t T,  pX) (3.2)
i
where j, and j, are the indexes satisfying ¢, 7, ¢, T, respectively.
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Here we deal with the global problem : what is, globally, the probability that the tem-
perature lies in some interval T, T,, ? By "global", we mean : integrating over all possi-
ble values for all parameters. More generally, we will solve this question when each pa-

rameter has a prescribed variation interval.

First, recall that all input parameters z,, 1z, lie in the interval [0,1].

We assume that each parameter follows a uniform law in this interval : this means that
we have no information at all on any of them, except the fact that they are between 0
and 1. The construction could easily be modified in order to reflect the information that
some parameter follows a prescribed law.

Let us define, for each parameter z,, z,, a sub interval of variation:
z, A,B, + 0,1.

Let A, B denote the product :

We want to compute what is the probability that for X A, B the temperature
t  CT(X) will fall in some prescribed interval T, T,,.

R

For this we have to integrate the function p; X over X A, B . As previously, the
Joh

indexes j, and j, are chosen sothat {; 17,, ¢, T, respectively.

The requested probability can be written :

R
T t 1 L p; X dz,  dzy

J h

For instance, the global probability that CATHARE gives a result above 7, 1200-C is:

t 1, D, T, ST dr, dry (3.3)

0 0o J Jo

global

It is not possible to compute such an integral directly : first, we have a very complicated
function to integrate, and second, we must integrate K - times over each z, : this makes

it impossible to compute each integral using discretization. Therefore, we will use
Monte-Carlo techniques in order to compute the integrals.

For our technical computations, we use the macros in Excel, where we have a prepro-
grammed function F(T"), which computes the distribution function of the Gauss law :
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F (T) \/2i expg t2 5 gdt

So, we introduce this distribution function in our equation ; this gives :
1 1y

t T LX) 1 F (1)) dx,  drg (3.4)

0 o nl

Pglobal

1. Method Monte Carlo for computing integrals

We will use a Monte Carlo method in order to compute our integrals. It is simple to per-
form and it gives good results.

Assume that we have some function R(X) R z,, ,z, which is continuous in the re-

gion of integration : D a,,b, a,,b, ag,b, . We want to compute the integral
IR R X dX.

D
We choose at random M points X, =z, ,zx, , ,X,, 2,4, ,%Tg, Iintheregion

D:z,. . a,b,k 1 K andm 1 ,M, with uniform law. We compute the val-

ue of the function R(X, ) at each of these M points and take the average of these val-

ues. By the strong law of large numbers, this average converges almost surely towards
the required integral. Let :

R X (3.5)

Then :

when M

The difference between S R (approximate value) and I R (true value of the integral)
can be estimated, using the Central Limit Theorem. It gives in particular :

pls ) 1w 200
o 1) LR oo @6

where  is the variance of R(X), X  U,,...,U, , and each U, follows a uniform law

on a.,b ,k 1..K.
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2. Computing explicitly the integrals

We return to our original problem and denote by :

n 1 T, n

¢ 2

This is the (estimated) probability to be above the threshold 7|, at the point X.

We take M 1000. At random we choose values for each parameter z,,...,z,, accord-

ing to a uniform law in the interval 0,1 , and we repeat this M times (so, at total, we
have M K samples).

When this is done, the integral of R upon 0,1 " is given (approximately) by the average
of the evaluations of R at all these sampling points. Let X,, ,X,, be the sampling
points ; we have :

1 M
Ppyt T, — RX (3.9)

m
m 1

The choice of number of points M depends on the precision we want.

We denote by I R the precise value of the integral :

1 1

I R R X dz, dz,

0 0

The error is given by the formula (3.6) :

2 R
M

ISR IR vol(D)

Butinourcase D 0,1" and dX ax 1

D 0 0

Also we know that R 1, because we are working with the interval 0,1 , so finally

we have:

2
ISR IR| NI

With probability 0.95 we have a rough estimate :

1 2
— RX, IR| = (3.9)
M, JM

If we want to get more precise result, we have to take a larger number of points.
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ST 181 ¥

We showed how to compute the global probability that the temperature lies in some in-
terval T, T,,.

It may happen that the global probability is small, but still a few sampling points give a
high probability. It means that, at some points of the parameter space, the temperature
may become very high, though it is low on average. In order to detect such points, we in-
vestigate the maximum of local probabilities.

In the present case, none of the observed values gives a temperature above the threshold
1200°C, but this does not mean that it cannot happen somewhere, at another point. So
we want to compute the quantity :

max, P, T T

which will indicate the most dangerous point X.

In order to find the maximal probability we will again use a Monte Carlo method. Among
all probabilities which are given by the sampling points we choose the biggest :

PlacaliMAX t TE) max R Xm , M ]" 7M7

where R X, is defined by formula (3.7) .

-9 ) . .

For physical investigation, it is quite interesting to be able to know where are the safe
regions in the parameter space and what are, on the contrary, the dangerous regions.

When, as it is the case here, all observed temperatures are low, all points which are close
to some measure point A will have a small probability to be above 7}, because in this

case all densities of probabilities will be concentrated near the temperature
CT A, . All these “safe points” will constitute a ball with center at A, with some

n

radius which we will call d*. We denote this safety ball by B A ,d:""

Thus the safe space of our GRH (where we cannot have a big probability to be above 1)
consists of the union of N safe balls with centers at 4, ,A4,:

GRH

safe

N
B A d**
1

n

The rest of the space is dangerous.

The value of the radius d;afe depends on the accepted probability. For example, we may-

decide arbitrarily that we consider as "safe" a situation in which P T' T 0.02.
We now show how to compute this safe radius.
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The local probability to be above Tj is, by formula (3.2) :
N N
Pyt T, (X) pn.j(X) (X) pn,j(X) (3.10)

j jon 1 n 1 i J

The contribution of the n -th measure is :

P, (X) G exp Z
J o ! JJo n 2 2 3
g (3.11)
2
1 t
— exp > g dt
T, n 2 g 2 n
We make a change of variable u % 50 (3.11) becomes :
p,,;(X) e? dv 1 F ——=n, (3.12)

J o T . "

where F' is the repartition function of the Normal Gaussian law.

The equation in formula (3.12) indicates the densities of probability which are sent by
the n -th measure for any point X . As we said if want to be in a safe area then the prob-
abilities should not be bigger than 0.02, so we have :

IFTO

= 0.02,

n

and

7L

= 0.98 (3.13)

n

In the table for the Gaussian function we find that the fractile of 0.98 is 2.05, that is :

Ty 2 2.05,
and
1,
L 3.14
" 2.05 ( )

d!l,

€
n /2 e

We know that

, so the expression (3.14) becomes :

dsafc lln V2 € T()
! 2.05

= (3.15)
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Here the value of  is computed using formula (2.10), so the value of d’** depends only
from the value of  : when  goes closer to 7, then d*’* decreases and the smallest

d>"" will be for the measure point which has the highest temperature. Numerical exam-
ples are given below.

V1. Numerical computations connected with CATHARE

Here we consider the real code, with its parameters and the observed temperatures. We
build progressively and completely the Hypersurface and we compute the probability to
be above a threshold.

b < L

Cathare contains 68 parameters. The precise list is given in Annex 1. All parameters
have their respective law (it may be uniform, normal, log-normal and constant laws). We
do not care about the constant parameters (they are simply withdrawn from the list),
and we assume a uniform law for all others (we indicate below the way to use other
laws).

So we are left with 51 parameters, following a uniform law. The bounds for each pa-
rameter are known.

7 < L

In this experiment 330 measures were made, in which 9 of them gave wrong results,
namely temperatures for them were zero. So, we will use only 321 measures : 4, ,A4,,

which indicate accordingly 321 values of temperature ,, , ,,,. The highest recorded
temperature is 1 166°C.

min max

All values of |, , 4, lie in the interval 903-C, 1166-C,. For ¢, and ¢,  we have to

take an interval which is wider.

We have to be careful with the choice of ¢ because if we choose ¢ . near the thresh-

max ? max

old 7, (here the value of this threshold is 1200°C), then, of course, the probability to be
above 1|, will be extremely small.

On the other hand, if we choose ¢, quite large: ¢, 7|, then we penalize ourselves.

So, we define 900-C and t 1300-C'. The step of subdivision is 1-C'.

min max

The value of is given by formula (1.4) :

max min

and therefore 400.
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Recall that, first, we have to normalize all parameters and bring them to the interval
x

min

0,1 . For this, each z is replaced by
x

max xmin

<5 1 9 1
1. Case of 1 measure

We consider that our code depends on one parameter (we take the first parameter :
”Coefficient DNBR”) and we assume that one measure was performed :

A 019and , CT(4) 1127-C.
Inthiscase d,,, |1 0.19 0.81 and:

Log 1 Log 401
' d 0.81

max

7.4.

We put in our expression for p,(X) (formula (1.25)) :

(X) € ex b
with :
e d
V2 e
9 1
1 N2 t
and: ¢ exp ! ! , see formula (1.33)

In this way we obtain the collection of densities above each point X 5

In order to present the concrete example we take the point X 0.6 and we present the
graph of the function p,(X) for this point :

.\

&9 >285(
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In case ¢ 1 and we see that the largest probabilities are concentrated near the tem-
perature 1127°C, because this is the one we observed. But higher values of the tempera-
ture have non-zero probability also.

2. Case of N measures

Now we consider that 321 measures were performed and we will see the form of prob-
ability for the point X 0 (for example).

First we find which measure point gives the biggest distance d_,_ :

d,.. d0,4,) [0 0.9996 0.9996

max
So we have

Log 1 Log 401

N 5.996 .
d_ 0.9996
We put  in our expression for p,(X) (formula (1.32)):
1 1 1
B S Tn e h
1/d1. 1 N
i1

In this way we obtain the collection of densities above point the X 05

We present the graph of the normalized discrete function p;(X) for this point :

"9 >?%

In this case, the expectation of {, CT 0 isequal to 1027°C.
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We now consider the general case : our code depends on K 51 parameters and 321
measures were performed. We are going to present how to build the EPH for the point

*

X 0.5, ,0.5 ,taken as an example.

We will compute what is the probability that at this point the temperature in the reactor
is above 1200°C.

The probability to be above the threshold is (see formula (3.2)) :

* *

P. t 1200-C P, 1200-C t ¢ p (X)),

X X max
J h

inourcase: ¢, 1200 and ¢ ¢, 1300 .

&5 We first compute . For this we make 321 computations :

For the first measure point (n 1), separately for each parameter on it, we compute the
maximum distance to the vertices of the cube. We set :

1 1
m,  max ‘ . Hl k‘ , k1L K

In this way we find the biggest distance from the first measure point to the corners of
the cube :

2 2
d1 \/ myy m k
The same way, for the second measure point (n  2), we set :
>,
My,  Mmax | |, .

and :

2 2
d, \/ my, my
and so on.

Among all 321 distances we chose the biggest : In this way we obtain the global d

max *

d max d, , n 1, ,N

max

In the case of our 321 measures, we find d 5.72.

max

From this, we deduce the value for

Log 1 Log 401
d 5.72

max

1.048.

- Nt 2 0 "6+ 42



"5 We compute the coefficients ¢, using the formula (1.33) :

1

R Lo

c, exp 57 ,n 1 N
i 0 n
We present the graph of the function p (X ") for U AR
A mm«Jmme««
49 ; ' >0

45 We compute the probability to be above 1200°C. Following the method indicated
above, we get :

*

P. t 1200-C 79 107,

Also from this graph we see that the most probable values of the temperature

*

t° CT X liein the interval [1030-C, 1040-C,. We compute this probability:

*

P. 1030-C t  1040-C 0.89

35 A

In order to investigate the precision of this answer, we perform the construction using
300 measures only ; the last 21 ones will be used for comparison.

As before we start with computing ; for 300 measures, we get =1.051.
We repeat the construction at each of the 21 points left for tests :

We take the point A, for which we have the temperature ,, 1018-C, calculated
from the code “CATHARE”. Using only 300 measures we build the density of probability
for this point and we compute the probability that the temperature ' CT A,, will

be inside the interval ,, 50-C, ,, 50-C .
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For the point A,;,, we compute the probability that ' CT A,, will be inside the
interval ., 50-C, ;,, 50-C ,where ., 1126-C and so on.

The results obtained for the 21 points are presented in the table below.
The quality of the construction for any point depends from two factors:

first, the distance to the neighbouring measure points. If they are too far, then the
reliability of the result is lower;

second, the value of the temperature at the closest measure point.

Since these factors are important , we put them also in our table :

ASOl ASOZ ASOS A3O4 A3O5 A306 A3O7
!
Ps% &
BT « ) « ) « ) « ) « ) « ) « )
* ¢
+ #
% + %
T
i 1
A308 ASOB A310 A311 A312 A313 A314
!
PS % &
R « ) « ) « ) « ) « ) « ) « )
* #
+ #
% + Yo
T
Ui !
A315 A316 A317 A318 A319 A320 A321
!
Es % &
R « ) « ) « ) « ) « ) « ) « )
* #
+ #
% + Yt
T
Vi !

So, in all cases, the distance to the nearest measure point is more than 1.77, which is not
small compared with the biggest distance in the whole space : the largest distance in the

hypercube 0,1 is <51 7.14.

Since the distance between each result point and all measure points is large, the interval
we indicate does not always contain the value of the temperature at the closest point.
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For instant, for A, , the observed temperature is 1126°C, and the interval around it is
1076-C,1176-C . The closest point has temperature 1045-C', and this temperature is
not in this interval, which, therefore, will have only a small probability.

All these facts indicate that evidently, it is not enough to have just 300 measures to fill
whole space. But still they provide some information, which we could use.

Here we take again 321 measure points and we solve our original question : what is the
probability that for all possible X (in the 51-dimensional space) temperature in the nu-
clear reactor will be above 7;  1200-C ?

We saw above that this probability is given by :

1 1 N Ty

1
P t T X) ——
GRH 0 . . n ( ) \/2_ i X

with (X)

n

N2 e
Using Monte Carlo method, we write :
M N 1

1 $ ,
M, . 1"<X> 2 X §

n T(J n

F GRH t T[)

With M 10 000 we obtain :

P, t T, 25 10"

with Error 0.02.

Even if we change the upper bound ¢, and choose ¢, 2000-C', we find :

Py t T, 73 10%".
Let us take another threshold : 7,  1100-C'. In this case the probability to be above is :

Py t 1100-C 0.035.

We can check roughly this result :
Among 321 measure points, we have 18 for which the temperatures are more than

1100-C', if we divide 18 by 321 we obtain 0.056 : this is the same order of magnitude as
before.

- Nt 2 0 "6+ 45



At the same time when we compute a global probability using Monte Carlo method also
we find the biggest probability :

Plocalf]\/IAX t TU max R Xm y M 17 7M7

we obtain :
‘PlamliMAX t TO 1.9 10 6’

It is still very small. Mathematecaly spaking it means that the probability to find a point

in the space with bigger F) , .,y is equal —, in our case

The highest temperature which was observed is 1166°C. The smallest d* is :

g 1y N2 e T, 1166

s 4.03
2.05

The volume of hypercube with side 1 is 1 and the volume of the hypersphere, with radius

R 4.03 in a 51 dimensional space is: V, 4.5 10". Recall that this volume is

hyperspere

given by the formula :
k
2 RF
LI
2

v,

where is the Gamma function, £ is the dimension of the space and R is the radius.

VIIl. Applications of EPH to environment problems

The graph below is taken from a work we are presently doing for the European Envi-
ronment Agency. It concerns the pollution in NH4 . The Y-axis represents the percentage
of observation stations in France which reported a concentration below the threshold of
0.2 mg/l (annual average). The X-axis represents the time in years.
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Here the values of percentage for the years 73, 74, 75, 78, 79, 80, 85, 86, 87 are missing
and we have to predict the values for years 2006, 2007, 2008.

In order to solve this problem we again will apply the EPH.

Mathematically speaking, we are dealing with a simple function which depends on 1 pa-
rameter : percentage F year , and 26 “measures” were performed. We can treat this

environment problem as a numerical example for the use of the EPH.
We proceed as follows :

1. We define the boundaries for the result. Here, it is a percentage, so it must be be-
tween O and 1.

2. We define the boundary for the subdivision : 0.01

3. We define the boundary for the parameter, here the year : year I1971, 2008, .

4. We calculate using the 26 known values. Using formula 1.26, we find

4.62.

5. We compute the density of probability p, year for each unknown year. Each of

them is made with 26 elementary contributions, coming from the known years.
Each contribution is more or less important, depending on the difference in time.

Here are the resulting examples for years 1975 and 2006 :

"9; L &)+ "$$(

The probability law for 1975 gets its strongest influences from the value in 1976 (0.35)
and in 1977 (value 1), so it has to main peaks. The probability law for 2006 gets its
strongest influences from the previous years, which give peaks around 0.8.

6. When the probability law is obtained, for each year, the value chosen in order to

reconstruct or to predict is the mathematical expectation of this law. In the pic-
ture below we put in red the obtained expectations :
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Annex 1

/01

L| 9
* TP + + o
Ll
1os% -/ P& W % - 0 s (
1S ,-./%1 0s (
21 3, %1 48~ ¢
21 i3, & %+ % Yo+ 4 &(— ¥
5 # % o+ - #
14 %+ s 0 (
16 K+ § 0 s (
& 5% 48~ ¢
748 W+ § 0 s (
39 0s ( (
& i3 48~ ¢
& $ 48~ ¢
6 ¢ : ;& 5%+ & < = 0 s (
4& S+ & < = 0 s (
> §i& Sh+ & 0 s (
* %h o< $ [ 0s (
8 +i iB <C= 0 s (
D 0 s (
19 FDH crayon chaud couronne 1 Constante 1,892 1,892 1,892 0
37% Yo+ % - ¥
21 Axial offset crayon chaud couronne 1 Constante 0 0 0 0
22 Cote de piquage crayon chaud couronne 1 Constante 1,8288 1,8288 1,8288 0
23 FDH assemblage chaud Constante 1,768 1,768 1,768 0
24 FQ assemblage chaud Constante 2,364 2,364 2,364 0
25 Axial offset assemblage chaud Constante 0 0 0 0
26 Cote de piquage assemblage chaud Constante 1,8288 1,8288 1,8288 0
27 FDH crayon chaud couronne 2 Constante 1,152 1,152 1,152 0
28 FQ crayon chaud couronne 2 Constante 1,555 1,655 1,555 0
29 Axial offset crayon chaud couronne 2 Constante 0 0 0 0
30 Cote de piquage crayon chaud couronne 2 Constante 1,8288 1,8288 1,8288 0
* 0 s (
- <E:= 0 s (
5 < 1= 0s (
- D6 <E: 0 s (
* % ¢ <P 0s (
8% 16 ; 3. 5% - i
G % 0s (
38 QLE 3D Constante 1 1 1 0
%t § 0 s (
8 % D6 0 s (
8 % D6 0 s (
8 % D6 0s (
8% % 5% 0 s (
8% 5% H 0 s (
* il & % 0 (
* il & % H 0 s (
8% [ $ & 7 % - i
8% (2] $ & 7 J% - i
49 Coefficient sur la loi de fluage QB couronne 1 Constante 0 0 0 0
8% L3 $ & 7 % H - i
8% ¥# € & 7 JI% H - b
52 Coefficient sur la loi de fluage QB couronnes 2&3 Constante 0 0 0 0
»5 [N
4 % 5 # - ¢ (
55 Beta Constante 0,00585 0,00585 0,00585 0
. 5 0s (
57 Doppler Constante 0,00752 0,00752 0,00752 0
58 Modérateur Constante 1 1 1 0
5 "9 0 s (
5 ) 0s (
,5 "9 0 s ( (
.5 "9 0s ( (
2 134% 5 % 0s (
2 11-4% 5 % 0 s (
211-_4 5 0s (
3 1136% 5 0 s (
To#% 16 5& ! 5% 4 &(- #
# Kb+ 0 s (
2 0 "$S+
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